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Abstract A detailed investigation of Gauss-Bonnet theory has been done from a different
perspective. At first, the standard energy conditions are discussed and modified forms have
been presented. Then some cosmological solutions have been obtained in 5D for perfect
fluid assuming that the extra dimensional metric coefficient decreases with time. For some
particular choice of the parameters, exponential solutions are obtained and finally, Cosmic
No-Hair Conjecture has been proved for Gauss-Bonnet dilatonic scalar coupled to Einstein
gravity with coupling parameter growing linearly in time.
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1 Introduction

The possibility of space-time dimensions of more than four is a standard assumption in
high energy physics, particularly after the recent developments in the string theory. The
idea of extra dimension was started long ago by Kaluza-Klein [1, 2] and it is generally
speculated that the hidden extra dimensions may play a role in the dynamics of our usual
four dimensional space-time (for review see, Applequist et al. [3, 4]). However, the recently
developed idea of brane world scenario, consistent with string theory suggests our universe
as a brane embedded into a five dimensional space-time, having the extra fifth dimension to
be of infinite length. Thus, motivated from the string theory, a natural attempt is to consider
a consistent theory of gravity in any dimension with a more general action. The effect of
string theory on classical gravitational physics [5–8] is usually investigated by means of a
low energy effective action, containing in addition to the Einstein-Hilbert action, squares
and higher powers of curvature terms. So in general, the field equations are fourth order
and bring in ghosts. However, Lovelock [9] showed that, if the higher powered curvature
terms appear in a particular combination, then the field equations remain second ordered
and consequently, ghosts disappear [10, 11].
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The present study deals with only the first two terms of the Lovelock gravity namely,
the usual Einstein-Hilbert (EH) term and the Gauss-Bonnet (GB) terms. The inclusion of
GB term is important from both physical and geometrical view point. This term naturally
arises as the next leading order of the α-expansion of heterotic super string theory (α−1

is the string tension) and plays a fundamental role in Chern-Simons gravitational theories
[12, 13]. Geometrically, the addition of EH and GB terms in the action gives the most general
Lagrangian for the second order field equations in five dimension, similar to EH term in four
dimension [14]. In four dimension, the GB term is purely topological in nature and hence
dynamics is not affected by it. The paper is organized as follows: Sect. 2 deals with the basic
equations in GB theory and the energy conditions in 5D space-time for GB gravity, while
cosmological solutions are presented in Sect. 3. The Cosmic No-Hair Conjecture has been
examined in Sect. 4. The paper ends with a small concluding remarks in Sect. 5.

2 Energy Conditions in GB Theory

In five dimensional space-time (M,gμν ), the action for Einstein-Gauss-Bonnet (EGB) the-
ory can be written as

S = 1

2

∫
M

d5x
√−g [R + αLGB + Lmatter ] (1)

where LGB = Rαβγ δR
αβγ δ − 4RμνR

μν + R2 is the Gauss-Bonnet Lagrangian and Lmatter is
the Lagrangian for matter field. Here, R, Rμν and Rαβγ δ are respectively the Ricci scalar,
Ricci tensor and Riemann tensor of M . The coupling constant α has the dimension (length)2

and is regarded as the inverse string tension (α ≥ 0). Now, variation of the action with respect
to gμν gives the field equations

Gμν − αHμν = Tμν (2)

where

Hμν = 2
[
RRμν − 2RμλR

λ
ν − 2RγδRμγνδ + Rαβγ

μ Rναβγ

] − 1

2
LGB δμν (3)

is the Lovelock tensor and Tμν is the stress energy tensor of the matter field.
The metric ansatz of the 5D space-time is taken as

ds2 = −dt2 + a2(t)

[
dr2

1 − Kr2
+ r2(dθ2 + sin2 θdφ2)

]
+ b2dy2 (4)

If the matter is chosen in the form of a perfect fluid, i.e.,

Tμν = diag[ρ(t),p(t),p(t),p(t),p5(t)] (5)

with p5(t), the pressure along the fifth dimension, then the explicit form of the field equa-
tions (2) are [15]:

3(1 − n)
ȧ2

a2
+ 12αn

ȧ4

a4
= ρ (6)

(n − 2)
ä

a
+ (n − n2 − 1)

ȧ2

a2
+ α

[
4n(n + 1)

ȧ4

a4
− 12n

äȧ2

a3

]
= p (7)
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and

−3

(
ä

a
+ ȧ2

a2

)
+ 12α

äȧ2

a3
= p5 (8)

and the conservation of the matter gives

{
d

dt
(a3ρ) + p

d

dt
(a3)

}
− na2ȧ(ρ + p5) = 0 (9)

or equivalently,

d

dt
(a3ρ) + p̃

d

dt
(a3) = 0 (10)

where

p̃ = p − n

3
(ρ + p5) (11)

If the above field equations are considered as the Einstein field equations in Einstein
gravity for the metric (4), then the effective density and pressures become

⎧⎪⎨
⎪⎩

ρeff = ρ − 12αnH 4

peff = p − 4αnH 4(n + 1 − 3q)

p(5)eff = p5 − 12αqH 4

(12)

where H = ȧ
a

and q = − aä

ȧ2 are respectively the Hubble parameter and deceleration para-
meter of the usual 4D space-time. Note that, here we have assumed the extra dimension to
be compactified with the expansion of the usual three spatial dimensions and we assume
according to Mohammedi [16] (see also [15])

b(t) ∼ a−n(t), n > 0 (13)

2.1 Energy Conditions

At first, we state the energy conditions in five dimensional space-time. Suppose the energy
momentum tensor is chosen as anisotropic perfect fluid i.e.,

T ν
μ = diag (ρ(t),p1(t),p2(t),p3(t),p4(t)) (14)

Null Energy Condition It states that the condition for the convergence (geodesic focusing)
of hypersurface orthogonal congruence of null geodesics defined by a null vector field Kμ

is [17–19]

RμνK
μKν = TμνK

μKν ≥ 0 (15)

This null energy condition is in coordinate invariant form and for the above form of
energy momentum tensor (14), it gives

ρ + pi ≥ 0 ∀i = 1,2,3,4 (16)
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Weak Energy Condition Physically, it means that the local energy density as measured by
any timelike observer is positive. Mathematically, it states that [17–19]

TμνV
μV ν ≥ 0 (17)

for any time-like vector V μ. Null energy condition is implied (by continuity) by the weak
energy condition. Explicitly, the condition states that

ρ ≥ 0 and ρ + pj ≥ 0 ∀j = 1,2,3,4 (18)

Strong Energy Condition This energy condition states that any hypersurface orthogonal
timelike congruence should be convergent (due to attractive nature of gravity). Then using
Raychaudhuri equation, the mathematical form of it is [17–19]

RμνV
μV ν =

(
Tμν − 1

3
T gμν

)
V μV ν ≥ 0 (19)

for any timelike vector field V μ.
The condition (19) is also coordinate invariant. For the matter field (14), the explicit form

of the above inequality (19) is

ρ + pj ≥ 0 ∀j = 1,2,3,4 and 2ρ +
4∑

j=1

pj ≥ 0 (20)

Note that strong energy condition implies null energy condition but it does not imply the
weak energy condition in general.

Dominant Energy Condition Mathematically, it states that [17–19]

TμνV
μV ν ≥ 0 and TμνV

ν is not spacelike (21)

for any timelike vector V μ. For the matter distribution (14), this energy condition demands

ρ ≥ 0 and pj ∈ [−ρ,+ρ], ∀j = 1,2,3,4 (22)

which means that locally measured energy density is always positive and that the energy flux
is timelike or null. Note that the dominant energy condition implies weak energy condition
and thus also the null energy condition, but does not necessarily imply the strong energy
condition.

Now for the present problem using the effective matter density and pressure (given by
(12)), the above energy conditions give [20]

(a) Null energy condition:

ρ + p ≥ 0, ρ + p5 ≥ 0

α(3q − n − 4) ≥ 0

α(n + q) ≤ 0

(23)

(b) Weak energy condition: In addition to the restrictions (23), we have

ρ − 12αnH 4 ≥ 0 (24)
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(c) Strong energy condition: In addition to the null energy conditions (23), we have

ρ + 3p + p5 − 12αnH 4(n + 2) − 12αqH 4(1 − 3n) ≥ 0 (25)

(d) Dominant energy condition: Here, in addition to the restrictions (23) and (24), we have
the conditions

ρ − p + 4αnH 4(n − 2 − 3q) ≥ 0

ρ − p5 + 12αH 4(q − n) ≥ 0
(26)

3 Cosmological Solutions

In GB theory, we have three field equations containing four unknowns. So we may assume
one more relation for consistent solution. We determine the solutions for the following as-
sumptions.

Isotropic Pressure: p5 = p Equating (7) and (8), the differential equation for the scale
factor a becomes

ä

a
− (n − 2)

ȧ2

a2
+ 4α

ȧ2

a2

[
n

ȧ2

a2
− 3

ä

a

]
= 0 (27)

which has a first integral

4
√

α z tanh−1(2
√

α z) + (n − 3)(t ± t0)z + 1 = 0 (28)

where z = ȧ
a

.
In particular, for n = 3, one gets the explicit solution as

a(t) = eC(t+t0), t0 = constant,C = 1

2
√

α
tanh

(
− 1

4
√

α

)

Barotropic Equation of State: p = ωρ Eliminating ρ between (6) and (7) using the equa-
tion of state, the differential equation for a is

(2−n)
ä

a
+ [

3ω(1 − n) − (n − n2 − 1)
] ȧ2

a2
+12αn

ȧ2

a2

[
ä

a
+ 12αnω − 4αn(n + 1)

12αn

ȧ2

a2

]
= 0

(29)
which has a first integral of the form

uz tan−1

(
v

z

)
= z

[
3ω(1 − n) + (n2 − 2n + 3)

(2 − n)

]
(t ± t0) − 1 (30)

where z = ȧ
a

, u = (2+3ω−n)1/2

6
√

αn(2−n)

[{3ω(1−n)+(n2−2n+3)}2−12αn(2−n)]
[3ω(1−n)+(n2−2n+3)]1/2 and v = [3ω(1−n)+(n2−2n+3)]1/2

2
√

αn(2+3ω−n)1/2 .

Here also, explicit solutions are possible only for (ω = 5
3 , n = 1) and n = 2. The respec-

tive solutions are the following

a(t) = (t + t0)
2

a(t) = exp

[√
ω − 1

8ω

{
t + t ′0 − 8

ω − 1
ln

(
e

[
ω−1

4

]
t0 + e

−
[

ω−1
4

]
t

)}]
, t0, t

′
0 = constants

(31)
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So for ω = 5
3 , n = 1, we have power law solution while for n = 2, we have a combination

(in product form) of exponential and power law forms of solution, for any choice of ω.

4 Cosmic No-Hair Conjecture in GB Theory

The Cosmic No-Hair Conjecture (CNHC) in general terminology states that “All expand-
ing universe models with a positive Cosmological Constant asymptotically approach the de
Sitter solution”. Gibbons and Hawking [21] and then Hawking and Moss [22] developed
this conjecture to address the question of whether the universe evolves to a homogeneous
and isotropic state during an inflationary era. A formal proof of CNHC was given by Wald
[23] for homogeneous Bianchi models with a Cosmological Constant. Later, Kitada and
Maeda [24] proved the CNHC for Bianchi models in power-law inflation and subsequently
Chakraborty et al. [25] extended this conjecture for a scalar field with φ4-potential. As in
inflationary models, the vacuum energy is almost a constant and behaves as a cosmological
constant; so the conjecture is applicable. For power-law inflation, scalar field with expo-
nential potential is considered and it is assumed that the potential is flat (a cosmological
constant) during slow roll. The φ4-potential used by Chakraborty et al. is assumed to have a
constant additive part which behaves as a cosmological constant at late times. In this section,
we shall examine the CNHC in GB theory.

We start with Gauss-Bonnet-Dilatonic scalar coupling with Einstein’s gravity in four
dimensions. The action for the above GB interaction is given by [26]

S =
∫

d4x
√−g

[
R

2κ2
+ α(φ)

8
LGB − 1

2
φ,μφ,μ − V (φ) + Lm

]
(32)

where α(φ) is the coupling parameter and Lm is the matter Lagrangian. The potential V (φ)

may be exponential (behaves as flat during slow roll) or φ4-type with a constant additive term
(behaves as cosmological constant at late time). For Bianchi cosmologies (except Bianchi
type IX), the field equations (obtained by varying S with respect to gμν and dilaton field φ)
are (in terms of Hubble parameter H )

2Ḣ + 3H 2 = −
[

1

2
φ̇2 − V (φ) + 2α′φ̇(HḢ + H 3) + (α′φ̈ + α′′φ̇2)H 2 + pm

]
(33)

3H 2 = 1

2
φ̇2 + V (φ) − 3α′φ̇H 3 + ρm (34)

and

φ̈ + 3Hφ̇ + V ′ = 3α′H 2(Ḣ + H 2) (35)

where κ(= 8πG) = � = c = 1, ′ and · stand for differentiation with respect to φ and proper
time t , and ρm, pm are respectively the energy density and pressure corresponding to back-
ground matter distribution. This arbitrary matter distribution is assumed to satisfy the dom-
inant and strong energy conditions namely

Td [t] = Tμνt
μtν ≥ 0

Ts[t] =
(

Tμν − 1

2
T gμν

)
tμtν ≥ 0

(36)

with Tμν , the energy momentum tensor and tμ, a unit timelike vector.
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Using the idea of Sanyal [26], we choose the coupling parameter such that

α′φ̇ = α0, a constant (37)

This assumption implies α(φ(t)) = α0t , which grows in time to have significant contribu-
tion at later epoch of cosmological evolution and may explain recent accelerating expansion
of the universe. This choice of α simplifies the above field equations to

2Ḣ + 3H 2 = −
[

1

2
φ̇2 − V (φ) + 2α0HḢ + 2α0H

3 + pm

]
(38)

3H 2 = 1

2
φ̇2 + V (φ) − 3α0H

3 + ρm (39)

and

(φ̈ + V ′)φ̇ + 3Hφ̇2 = 3α0H
2(Ḣ + H 2) (40)

For studying cosmological evolution, we consider the initial value constraint i.e., the
Hamiltonian constraint namely,

Gμνn
μnν −

[
1

2
φ̇2 + V (φ) − 3α0H

3 + Td(n)

]
= 0 (41)

and the Raychaudhuri equation

Rαβnαnβ −
[
φ̇2 − V (φ) + 3α0HḢ − 3

2
α0H

3 + Ts(n)

]
= 0 (42)

Here nα is the unit normal to the homogeneous hypersurface � by 3 + 1 decomposition
of the four dimensional manifold. The metric and the extrinsic curvature of this 3-space �

are defined as [25]

qab = gab + nanb (43)

and

Kab = 1

2N

∂gab

∂t
(44)

Also we can write,

Kab = 1

3
Kqab + σab (45)

where K = Kabq
ab is the trace of the extrinsic curvature and σab is the shear of the timelike

geodesic congruence orthogonal to the homogeneous hypersurfaces. Now, in terms of the
3-space variables, the dynamical equations (41) and (42) can be written as

K2 = 3

[
1

2
φ̇2 + V (φ) − 3α0H

3

]
+ 3

2
σabσ

ab − 3

2
(3)R + 3Td(n) (46)

K̇ =
[
−φ̇2 + V (φ) − 3α0HḢ − 3

2
α0H

3

]
− 1

3
K2 − σabσ

ab − Ts(n) (47)

where (3)R is the scalar curvature of the homogeneous hypersurface � and can be shown to
be negative (except Bianchi IX, for details see [23, 25]), i.e., (3)R ≤ 0. From the constraint
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equation (46), we see that second, third and fourth terms on the RHS are positive, so we
write

K2 > 3

[
1

2
φ̇2 + V (φ) − 3α0H

3

]
(48)

Let us define [24, 25]

Kφ = K2 − 3

[
1

2
φ̇2 + V (φ) − 3α0H

3

]
= 3

2
σabσ

ab − 3

2
(3)R + 3Td(n) (49)

Note that Kφ is positive definite and can be interpreted as the modified form of the con-
straint equation. Now, time differentiation of (49) (after simple algebra) gives

K̇φ = −2

3
KKφ − 2K(σabσ

ab + Ts) (50)

or we can write

K̇φ ≤ −2HKφ (51)

As Kφ ≥ 0, so integrating this inequality we get

0 ≤ Kφ ≤ Kφ0e
−2

∫
Hdt (52)

We shall now consider two time epoch separately:

Inflationary Era During exponential expansion (inflation), H can be assumed to be con-
stant (say H0) and we have

0 ≤ Kφ ≤ Kφ0e
−2H0t (53)

This shows that Kφ falls off exponentially with time and tends to zero.

Power Law Expansion If instead of constant value, H varies inversely with time (i.e., H0
t

),
then form the inequality (52), Kφ is bounded as

0 ≤ Kφ ≤ Kφ0t
−2H0 (54)

i.e., Kφ decreases with time in a power law fashion.
Thus, the behaviour of Kφ is not affected by the nature of the potential and the presence

of the GB term. Moreover, after rearranging the Raychaudhuri equation (47), we write

K̇ + 1

3
K2 ≤ V (φ) − 1

3
α0KK̇ (55)

As during slow-roll inflation, the scalar field decreases and the potential acts as a cosmo-
logical constant (�), so inequality (55) can be simplified as

(
1 + α0K

3

)
K̇ ≤ � − 1

3
K2 (56)

Now integrating this inequality, we obtain (after simple algebra)

K ≤ 3

α0
− e

− t
α0 (57)
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where α0

√
�
3 is chosen to be unity. Thus the expansion rate K approaches 3

α0
exponentially

over the time scale α0. Also from the (49) we have

A ≤ 1

3

(
K2 − 9

α2
0

)
≤ e

− 2t
α0 − 6

α0
e

− t
α0 (58)

where A may be any one of 1
2 σabσ

ab, − 1
2

(3)
R and Td(n). Hence, the shear, the curvature

of the homogeneous hypersurfaces and the matter energy density rapidly approach to zero.
Hence, as K approaches 3

α0
, σab and (3)R tend to zero, so that at late times, the spatial

metric has the approximate form

hab(t) ≈ e
2(t−t0)

α0 hab(t0) (59)

5 Concluding Remarks

Therefore, for Bianchi cosmological models (except IX), both exponential and power law
inflation are possible for a scalar field with arbitrary potential (with a constant additive term).
Also after inflation (t 
 α0), the universe will appear to be matter free with nearly flat spatial
sections (isotropized) having constant rate of isotropic expansion (K → 3

α0
). The constant

additive term in the potential is assumed to be related to the GB coupling parameter α0 and
influences the dynamics of the late universe.

In Sect. 2, we have obtained constraints on GB gravity theory from the so called energy
conditions. We have followed the approach of Santos et al. [20] who, starting from the Ray-
chaudhuri equation along with the requirement that gravity is attractive, derived the null and
strong energy conditions in the frame work of f (R) gravity and showed that the restrictions
may be obtained directly from the effective energy momentum tensor in Jordan frame. In
Sect. 3, we have obtained cosmological solutions for 5D GB theory. It has been shown that
exponential expansion (i.e., acceleration) may be obtained from standard barotropic fluid.
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